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Abstract. A graph is symmetric if its automorphism group acts transitively on the
set of arcs of the graph. In this paper, we classify connected heptavalent symmetric
graphs of order 12p for each prime p. As a result, there are eleven sporadic such graphs:
one for p = 2, one for p = 3 and nine for p = 13.
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1. Introduction

Throughout this paper graphs are assumed to be finite, simple, connected and
undirected. For group-theoretic concepts or graph-theoretic terms not defined
here we refer the reader to [24, 27] or [1, 2], respectively. Let G be a permutation
group on a set €2 and v € ). Denote by G, the stabilizer of v in G, that is, the
subgroup of G fixing the point v. We say that G is semireqular on  if G, =1
for every v € 2 and regular if G is transitive and semiregular.

For a graph X, denote by V(X), F(X) and Aut(X) its vertex set, its edge
set and its full automorphism group, respectively. A graph X is said to be G-
vertex-transitive if G < Aut(X) acts transitively on V(X). X is simply called
vertex-transitive if it is Aut(X)-vertex-transitive. An s-arc in a graph is an
ordered (s + 1)-tuple (vg,v1,- -+ ,vs—1,vs) of vertices of the graph X such that
vi—1 is adjacent to v; for 1 < i < s, and v;_1 # viqq for 1 < i < s — 1.
In particular, a 1l-arc is just an arc and a O-arc is a vertex. For a subgroup
G < Aut(X), a graph X is said to be (G, s)-arc-transitive or (G, s)-regular if
G is transitive or regular on the set of s-arcs in X, respectively. A (G, s)-arc-
transitive graph is said to be (G, s)-transitive if it is not (G, s+ 1)-arc-transitive.
In particular, a (G, 1)-arc-transitive graph is called G-symmetric. A graph X
is simply called s-arc-transitive, s-reqular or s-transitive if it is (Aut(X), s)-arc-
transitive, (Aut(X), s)-regular or (Aut(X), s)-transitive, respectively.

As we all known that the structure of the vertex stabilizers of symmetric
graphs is very useful to classify such graphs, and this structure of the cubic or
tetravalent case was given by Miller [20] and Poto¢nik [23]. Thus, classifying
symmetric graphs with valency 3 or 4 has received considerable attention and a
lot of results have been achieved, see [8, 30, 31]. Guo [12] determined the exact
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structure of pentavalent case. Following this structure, a series of pentavalent
symmetric graphs was classified in [17, 21, 22, 28, 29]. Recently, Guo [13] gave
the exact structure of heptavalent case and determined heptavalent symmet-
ric graph of order 6p in [10]. Thus, as an application, we classify connected
heptavalent symmetric graphs of order 12p for each prime p in this paper.

2. Preliminary results

Let X be a connected G-symmetric graph with G < Aut(X), and let N be a
normal subgroup of G. The quotient graph X of X relative to N is defined as
the graph with vertices the orbits of N on V(X) and with two orbits adjacent
if there is an edge in X between those two orbits. In view of [18, Theorem 9],
we have the following:

Proposition 2.1. Let X be a connected heptavalent G-symmetric graph with
G < Aut(X), and let N be a normal subgroup of G. Then one of the following
holds:

(1) N is transitive on V(X);
(2) X is bipartite and N is transitive on each part of the bipartition;

(3) N hasr >3 orbits on V(X), N acts semiregularly on V(X), the quotient
graph X is a connected heptavalent G /N -symmetric graph.

The following proposition characterizes the vertex stabilizers of connected
heptavalent s-transitive graphs (see [13, Theorem 1.1]).

Proposition 2.2. Let X be a connected heptavalent (G, s)-transitive graph for
some G < Aut(X) and s > 1. Let v € V(X). Then s < 3 and one of the
following holds:

(1) For s =1, Gy, = Zz, Dya, Fo1, Dog, Fo1 X Z3;

(2) For s =2, Gy = Fyy, Fig x Zs, Fyo x Z3, PSL(3,2), Az, S7, Z3 x SL(3,2)
or Zj x SL(3,2);

(3) For s = 3, Gv = Fyo XZG, PSL(3, 2) X S4, A7 X AG, S7 X SG, (A7 XAG) NZQ,
Z8§ % (SL(2,2) x SL(3,2)) or [22°] x (SL(2,2) x SL(3,2)).

From [9, pp.12-14], [26, Theorem 2] and [16, Theorem A}, we may obtain
the following proposition by checking the orders of non-abelian simple groups:

Proposition 2.3. Let p be a prime, and let G be a non-abelian simple group of
order |G| ‘ (226.35.52.7.p). Then G has 3-prime factor, 4-prime factor or 5-prime
factor, and is one of the following groups:
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Table 1: Non-abelian simple {2,3,5,7, p}—groups

3-prime factor
G Order G Order G Order
As 27.3.5 PSL(2,8) 2%.3%.7 PSU(4,2) | 2%3%5
Ag 2%.3%.5 PSL(2,17) | 2*.3%.17 PSU(3,3) | 2°-3%.7
PSL(2,7) | 2%.3.7 PSL(3,3) 24.3%.13

4-prime factor
G Order G Order G Order
Az 2%.3%.5.7 PSL(2,27) | 2°-3%.7-13 PSU(5,2) | 2'0-35.5.11
Asg 20.32.5.7 PSL(2,31) | 2°-3-5-31 PSp(4,4) | 28-3%.5%.17
Ag 26.3%.5.7 PSL(2,49) | 2*.3.5%.72 PSp(6,2) | 2°-3%.5.7
Aqo 27.3%.5%.7 PSL(2,81) | 2*.3*.5.41 My 24.32.5.11
PSL(2,11) | 2%.3:5-11 PSL(2,127) | 27-32.7-127 M 26.3%.5.11
PSL(2,13) | 2%.3.713 PSL(3,4) 26.3%.5.7 Jo 27.33.52.7
PSL(2,16) | 2*.3-5-17 PSU(3,4) 20.3.5%.13 PQT(8,2) | 2'2.35.5%.7
PSL(2,19) | 22-3%.5.19 PSU(3,5) 24.32.5%.7 Sz(8) 20.5.7.13
PSL(2,25) | 2%.3-5%.13 PSU(3,8) 29.3%.7.19 2F4(2) 2!1.3%.5%.13

5-prime factor
G Order G Order G Order
An 27.31.52.7.11 || PSL(2,449) | 2°.3%.5%.7.449 [ PSp(8,2) | 2'°.35-5%.7.17
Ais 29.3%.52.7.11 || PSL(2,2°%) | 2%.3%.5.713 Moo 27.3%.5.7-11
PSL(2,29) | 2%:3-5.7-29 PSL(4,4) 212.34.52.7.17 || PQ7(8,2) | 2'2.3*.5.717
PSL(2,41) | 2°-3.5:7-41 PSL(5,2) 210.32.5.7.31 || G2(4) 212.33.52.7.13
PSL(2,71) | 2%.3%.5.7-71

In view of [14, Theorem 3.1], we have the classification of connected hep-
tavalent symmetric graphs of order 4p for a prime p.

Proposition 2.4. Let X be connected heptavalent symmetric graph of order 4p
with p a prime. Then X is isomorphic to Kg.

Next we construct some heptavalent symmetric graphs of order 6p with p a
prime. In order to construct some heptavalent symmetric graphs, we need to
introduce the so called coset graph (see [20, 25]) constructed from a finite group
G relative to a subgroup H of G and a union D of some double cosets of H in
G such that D~' = D. The coset graph Cos(G, H, D) of G with respect to H
and D is defined to have vertex set [G : HJ, the set of right cosets of H in G,
and edge set {{Hg,Hdg} | g € G,d € D}. The graph Cos(G, H, D) has valency
|D|/|H| and is connected if and only if D generates the group G. The action
of G on V(Cos(G, H,D)) by right multiplication induces a vertex-transitive
automorphism group, which is arc-transitive if and only if D is a single double
coset. Moreover, this action is faithful if and only if Hg = 1, where Hg is the
largest normal subgroup of G in H. Clearly, Cos(G, H, D) = Cos(G, H*, D%)
for every a € Aut(G). For more details regarding coset graphs, see, for example,
[7, 18, 25].

By Atlas [6], Sg has a maximal subgroup K = Z3 x S; and Ag has a maximal
subgroup H = Z3 x PSL(3,2) such that K N H = Z3 x S;. Take an element g
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of order 2 in K\(K N H). Then define the coset graph:
630 = COS(Sg, H, HgH).

Let G = PSL(2,13) as a permutation group acting naturally on 14 points,
and take the following four elements:

a=(1,13,2,12,9,5,14)(3,4,7,10,11,6,8),
b=(2,5)(3,7)(6,11)(8,10)(9, 12)(13, 14),
(1,4)(3,10)(6,14)(7,8)(9,12)(11, 13),
(1,4)(2,6)(5,11)(8,9)(10,12)(13, 14).

Then H = (a,b) = Dy4. Define the following two coset graph:
Cly = Cos(G, H, HzH), C% = Cos(G, H, HyH).

We can get the classification of heptavalent symmetric graphs of order 6p with
p a prime from [10, Theorem 3.1].

Proposition 2.5. Let X be a connected heptavalent symmetric graph of order
6p with p a prime. Then X s isomorphic to Csg, C%s or C%B.

Let G = PSL(2,8). Then by Atlas [6], G has a maximal subgroup H = D14
and a Sylow 2-subgroup P = Z3 such that PN H = Z,. Take g € P\H. Then
g*> =1, HN H9 = 75 and (H, g) = G. Define the coset graph:

C36 = COS(G7 H, HgH).

From [11, Theorem 3.1], we have the classification of connected heptavalent
symmetric graphs of order 36.

Proposition 2.6. There is only one connected heptavalent symmetric graph of
order 36, that is, Csg.

Now we construct some heptavalent symmetric graphs of order 12p. If p = 2,
then by [5], there is only one such graph of order 24, and we define this graph
as follows:

Construction 2.7. Set a = (3,5)(4,7)(6,8), b = (1,2)(4,8)(6,7) and ¢ =
(1,4,8,3,5,6,7). Then G = (a,b,c) = PGL(2,7). Let H = {(a,c). Clearly,
H = Dy4 and b centralizes a. Define the coset graph:

624 = COS(G, H, HbH)

Then Cay4 is a connected heptavalent symmetric graph of order 24. By Magma [3],
Aut(Caq) = PGL(2,7) and any connected heptavalent symmetric graph of order
24 admitting PGL(2,7) as an arc-transitive automorphism group is isomorphic
to C24.
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By using the isomorphisms of coset graph and calculation of Magma [3], we
have that there are nine non-isomorphic heptavalent symmetric graphs of order
156 with PSL(2, 13) as an automorphism group.

Construction 2.8. Tuake the following sixz elements in Sig:

a=(3,13,11,9,7,5)(4, 14,12, 10,8,6),

Then G = (a, b, C) = PSL(2, 13) X ZQ, H1 = <f1,f3> = D14 and H2 = <f2,f3> =
D1yy4. Take five elements in G:

z2 = (2,6)(3,14)(4,8)(7,12)(9,11)(10, 13)(15, 16),
x5 = (2,9)(3, 10) (4, 13)(5,6) (7, 11)(12, 14)(15, 16),
z4 = (1,9)(2,6)(3,13)(5,8)(7,10)(12,14)(15, 16),

x5 = (1,9)(2,4)(3,14)(5, 13)(8, 12)(10, 11)(15, 16).

Define the following five coset graphs:

ng:156 = Cos(G, Hy, HyxiHy),i = 1,2.
S8Gi56 = Cos(G, Ho, HaziH3), i = 3,4,5.

By Magma [3], Aut(SGiss) = PSL(2,13) x Zy, Aut(SG355) = PGL(2,13) x Zs
and Aut(SGiss) = PSL(2,13) x Zy for i = 3,4,5. In particular, SGiss and
SGi-s are bipartite.

Take the following eight elements:

d = (1,2)(3,6)(4,5)(7,14)(8,13)(9,12)(10, 11),
e = (1,4)(2,5)(3,8)(6,13)(7,10)(11, 14),
f=1(1,9,4,14,3,8,11)(2,10,13,6,7,5,12),

y1 = (3,9)(4,10)(5,11)(6,12)(7, 13)(8, 14)

o = (2,11)(3,6)(4,14)(5,12)(7,8)(9, 13),

ys = (2,13)(3,11)(4, 6)(5,8)(7, 14)(9, 10),

ys = (2,9,5,12)(3,14,7,13)(6,10,11,8),

ys = (2,13,6,10)(3,4,14,8)(7,9,12, 11),

Set T = (a,b,d) = PGL(2,13), K; = (d, f) = Dis and Ko = (e, f) = Di4.
Define the following coset graphs:

Cgi56 = Cos(T, K1, K1y K1),i=1,2,3.
CGis6 = Cos(T, K, Kay; Ks), i = 4,5.



166 SONG-TAO GUO

By Magma [3], CG3ss = SG2s, and Aut(CGiss) = PGL(2,13) fori = 1,2,3,4.
In particular, CGisg is bipartite.

We use the same notations as above to state the following lemma.

Lemma 2.9. Let X be a connected heptavalent symmetric graph of order 156
and A = Aut(X). Then

(1) If A has an arc-transitive subgroup isomorphic to G, then X = SG'-q for
i=1,2,3,4,5;

(2) If A has an arc-transitive subgroup isomorphic to T, Then X = ngi% for
1=1,2,3,4,5;

Proof. Assume that A has an arc-transitive subgroup G. Then X = Cos(G, Gy,
GvgGy) with Gy, & D1y, (Gy,9) = G and |G, : GI N G,| = 7. In particular, g
can be chosen as a 2-element. By Magma [3], G has two conjugacy classes of
subgroups isomorphic to Dy4 with H; and H as their representatives.

Suppose that G, = H;. Then by Magma [3], g has 42 choices, denoted this
set by U. Note that Ng(G,) = Dag by Atlas [6]. Thus, again by Magma [3],
N¢a(Gy) acting on U has 6 orbits. Clearly, the coset graphs formed by the
elements in the same orbit are isomorphic each other. Thus, we obtain six coset
graphs. By Magma [3], these six representatives of 6 orbits form two coset
graphs, and X = 89356 with ¢ =1, 2.

Suppose that G, = Hy. Then by Magma [3], g has 84 choices, denoted this
set by V. Since Ng(G,) = Dag, we have that Ng(G,) acting on V' has 12 orbits
by Magma [3]. All the representatives of 12 orbits form three coset graphs, and
X 228Gl with i = 3,4, 5.

Assume that A has an arc-transitive subgroup 7. Then X = Cos(T, T, T, tT,)
with T, & Dy, (Ty,t) =T and |T,, : T NT,| = 7. In particular, ¢ can be cho-
sen as a 2-element. By Atlas [6], T" has two conjugacy classes of subgroups
isomorphic to Dy4 with K7 and K> as their representatives.

Suppose that T, = K;. Then by Magma [3], ¢ has 112 choices, and Np(T;,) =
Dog acting on these elements has seven orbits. These seven orbits form seven
coset graphs and by Magma [3], there are 3 non-isomorphic graphs, that is,
X 2 CGiss with i = 1,2,3.

Suppose that T;, = K5. Then by Magma [3], ¢ has 98 choices, and Np(T,,) =
Dsg acting on these elements has five orbits. These five orbits form five coset
graphs and by Magma [3], there are 2 non-isomorphic graphs, that is, X = CG'
with i = 4, 5. O

3. Classification

This section is devoted to classify connected heptavalent symmetric graphs of
order 12p for each prime p.
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Theorem 3.1. Any connected heptavalent symmetric graph of order 12p with
p a prime is isomorphic to Caa, Css, SG'5s with i = 1,2,3,4,5, or CG4ss with
j=1,2,3,4.

Proof. Let X be a connected heptavalent symmetric graph of order 12p and
A = Aut(X). If p = 2, then by [5] and Construction 2.7, X = Cyq and A =
PGL(2,7). If p = 3, then by Proposition 2.6, X = Css. Thus, in the following we
assume that p > 5. Take v € V(X). Then by Proposition 2.2, |4,| ‘ 224.34.52.7
and hence |A| ‘ 226.35.52.7.p. We separate the proof into two cases: A has a
solvable minimal normal subgroup; A has no solvable minimal normal subgroup.

Case 1: A has a solvable minimal normal subgroup.

Let N be a solvable minimal normal subgroup of A. Then |N| ‘ 226.35.52.7.p,
and N is elementary abelian. Thus, N = Z]; with ¢ = 2,3,5,7 or p and k a
positive integer. By Proposition 2.1, IV is semiregular and X is also a connected
heptavalent A/N-symmetric graph. It follows that | V| ‘ 12p and N = Zy, 72, Z3
or Zy. Note that there is no connected heptavalent regular graph of odd order.
Thus, N % Z2. Since there is no connected heptavalent regular graph of order
12 by [19] or [5], we have that N 2 Z,. This forces that N = Zy or Z3 and Xy
is a heptavalent symmetric graph of order 6p or 4p. By Propositions 2.4 and
2.5, XN & Kg, Cs0, Cig or C%. If Xy = Kg, then N 2 Z3 and p = 2, contrary
to our assumption. Thus, N = Zs and Xy = Cs, C%B or C%S.

Assume that X = C3p. Then p = 5. Since Aut(Csp) = Sg by Proposi-
tion 2.5, we have that A/N < Sg. By Magma [3], Aut(Csp) has a minimal arc-
transitive subgroup isomorphic to S;. It follows that A/N has an arc-transitive
subgroup M/N = S;. Note that Csg is bipartite. Set H/N = A;. Then H/N
has two orbits on V(Xy) and hence H, = PSL(2,7). Since N < Cy(N) and
H/N is simple, we have that Cy(N) = H. It forces that H = Zg X A7 or Zy.A7.
If H=Zy x A7, then H has a characteristic subgroup K = A7. The normality
of H in M implies that K is also normal in M. Thus, the block graph X has
order 4. By Proposition 2.1, K is semiregular and |K| ‘ 12p. This is impossible
because K = A7. If H = Zy.A7, then |H,| = 168. However, by Magma [3],
Zo.A7 has no subgroups of order 168, a contradiction.

Assume that Xy = Cl; or C%. Then p = 13. By Atlas [6], Ci5 or C%
has a minimal arc-transitive subgroup isomorphic to PSL(2,13). Thus, A/N
has an arc-transitive subgroup M/N = PSL(2, 13). Since N = Zs, we have that
Cy(N) = M. By Atlas [6], Mult(PSL(2, 13)) = 2. It follows that M = SL(2,13)
or PSL(2,13) x Zg. If M = SL(2,13), then M, = Z14 by Magma [3]. This is
impossible by Proposition 2.2. It follows that M = PSL(2,13) x Zy. Note that
M is arc-transitive. Thus, by Construction 2.8 and Lemma 2.9, X = SGi.. with
1=1,2,3,4,5.

Case 2: A has no solvable minimal normal subgroup.
For convenience, we still use N to denote a minimal normal subgroup of A.
Since N is non-solvable and minimal normal, we have that N = T with T a
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non-abelian simple group and k& an positive integer. It follows that T has at
least 3-prime factors. Note that |N| | 226.35.52.7.p. Thus, T is one of the simple
groups listed in Proposition 2.3. By Proposition 2.1, N has at most two orbits
on V(X), and hence |N| = 12p|N,| or 6p|Ny|.

Assume that k& > 2. Since T is a non-abelian simple group, we have that
22||T| and T, # 1. If p > 7, then p [ |T| because p* [|N| = |T*|. It follows
that p divides the order of X . By Proposition 2.1, N = T* is semiregular and
hence T, = 1, a contradiction. Thus, p < 7. Recall that |T*| ! 226.35.52.7.p and
6-p } T |.

Let p = 5. Then 72 /HTk| and T is a simple {2,3,5}-group. By Proposi-
tion 2.3, T' = As or Ag. The normality of V in A implies that N, < A,. If
k > 3, then 5° ‘ |Ny| and hence N, has a subgroup isomorphic to A7 by Propo-
sition 2.2. It follows that 7{ |T|, a contradiction. Thus, k = 2. If T = Aj;,
then N = A2 and |N,| = 60 or 120. By Atlas [6], for |N,| = 60, we have that
N, = Dy x S3, Ay x Z5 or As, and for |N,| = 120, we have that N, = As x Zo
or Ay x Di1g. However, by Proposition 2.2, A, has no such normal subgroups,
a contradiction. If T = Ag, then N = AZ and |N,| = 24335 or 2°-3%.5. By
Magma [3], for |N,| = 2*-33-5, we have that N, = Ag x S3 or A5 x F3g, and for
|N,| = 25-3%-5, we have that N, = Ag x Ay. Similarly, 4, has no such normal
subgroups, a contradiction.

Let p = 7. Then |T*||226.3%.52.7% and 6:7||T*|. It follows that 7 ||T| and
k = 2. By Proposition 2.3, T is isomorphic to one of the following groups:

PSL(2,7), PSL(2,8), A7, Ag, PSL(3,4).

If T = PSL(2,7), then |N,| = 2°-3-7 or 24.3.7. By Magma [3], for |N,| = 25-3.7,
N, = PSL(2,7) x Z32 or PSL(2,7) x Zy; for |N,| = 2*+.3.7, N, = PSL(2,7) x
Zs. The normality of N, in A, implies that A, = PSL(2,7) x S4 and N, =
PSL(2,7) x Z2 by Proposition 2.2. It follows that N has two orbits on V' (X) and
|A| = 2|A,N| = 6|N|. Clearly, CA(N) NN = 1. Thus, [Co(N)||6 and C4(N)
is solvable. Since C'4(N) < A, we have that C'4(NN) = 1 by our assumption. By
“N/C-Theorem” (see [15, Chapter I, Theorem 4.5]), A = A/C4(N) < Aut(N).
However, by Magma [3], |[Aut(N)| = 8|N|, which is contrary to the fact that
|A| = 6|N|. If T = PSL(2,8), then |N,| = 2°-33.7 or 24.3%.7. By Magma [3],
the only possible is that N, = PSL(2,8) x S3. However, A4, has no such normal
subgroup by Proposition 2.2, a contradiction. If 7' = Az, then by Magma [3],
the only possible is that |N,| = 2°-33.52.7 and N, = A; x As. Similarly, 4,
has no such normal subgroup, a contradiction. If "= Ag or PSL(3,4), then
|N,| = |N|/6p or |[N|/12p. By Magma [3], A2 or PSL(3,4)? has no subgroups
of such orders, a contradiction.

Thus, k = 1 and N = T is a non-abelian simple group. Since |N| ‘ 226.35.52.7.p,
we have that N is isomorphic to one of the simple group listed in Proposi-
tion 2.3. By Proposition 2.1, we have that N has at most two orbits on V(X)
and |N,| = |N|/6p or |N|/12p.
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Subcase 2.1: Suppose that p = 5. Then |N| ‘ 226.35.53.7. By Proposi-
tion 2.3, N is isomorphic to one of the following simple groups:

As, Ag, PSU(4,2), A7, Ag, Ag, Aqg
PSL(3,4), PSp(6,2), Jo, PQ*(8,2).

Note that |N,| = |N|/6-5 or |N|/12-5.

Let N =2 As. Then N, =& Zs or 1. If N, & Zs, then since N, < A,, we have
that A, = Dag, Fyo X Zs or Fys x Zg by Proposition 2.2. Note that Cy(N) =
Ca(N)N/N < A/N and |A: A,N| = 2. Thus, it is easy to deduce that C4(N)
is solvable, which is contrary to our assumption that A has no solvable minimal
normal subgroup. If N, = 1, then N is regular on V(X). By “N/C-Theorem”
(see [15, Chapter I, Theorem 4.5]), A/C4(N) < Aut(N). Since Aut(As) =
S5, we have that 7||C4(IN)| and since C4(N) < A, we have that Ca(N) is
non-solvable and has no solvable characteristic subgroup by our assumption.
Clearly, C'4(N) is transitive or has two orbits on V(X). Thus, |4 : A,C4s(N)| =
2 and N = C4(N)N/Ca(N) <9 A/C4(N). Since N = Az and |A/C4(N) :
AyCA(N)/Ca(N)| = 2, we have that N < A,C4(N) = A,/(Ca(N)N Ay). It
follows that A, has a normal subgroup isomorphic to As, this is impossible by
Proposition 2.2.

Let N = Ag. Then |N,| = 12 or 6. By Atlas [6], N, = A4, or S3. Since N<A4,
we have that N, < A,. By Proposition 2.2, N, = A, and A, = PSL(2,7) x S4.
It follows that |A| = 24.3-7-|N|. Similar as above, C4(N) # 1 and C4(N) is
no-solvable. Clearly, C4(N) NN = 1. Thus, [C4(N)||2*3-7. This implies that
Ca(N) acting on V(X) has at least five orbits. By Proposition 2.1, C4(N) is
regular and hence solvable, a contradiction.

Let N =2 PSU(4,2), A7, Ag, Ag, A9, PSL(3,4), PSp(6,2), J2 or PQ+(8,2).
Then |N,| = |N|/30 or |N|/60. However, by Magma [3], these simple groups
have no subgroups of such orders, a contradiction.

Subcase 2.2: Suppose that p = 7. Then |N| { 226.35.52.72 and 6-7} |N| or
12-7’ |N|. By Proposition 2.3, N is isomorphic to one of the following simple
groups:

PSL(2,7), PSL(2,8), PSU(3,3), A7, As, Ag, Ay
PSL(2,49), PSL(3,4), PSp(6,2), Jo, PQT(8,2).

Let N = PSL(2,7). Then N, = Zy or Z3. Set C = C4(N). If C = 1, then
by “N/C-Theorem”, A = A/C < Aut(N) = PGL(2,7). However, since p = 7
and X is arc-transitive, we have that 72 ‘ |Al, a contradiction. Thus, C # 1.
Since C' < A, we have that C is non-solvable by our assumption. Note that
C =2CN/N <A/N and A,/N, = A,N/N < A/N with |A: A,N| < 2. Thus,
A, is non-solvable. Since N, <A, we have that N, = Z3 and A, = PSL(2,7)xS4
by Proposition 2.2. It follows that A, /N, = PSL(2,7) x Sg and C = PSL(2,7)
because C' is non-solvable and has no solvable characteristic subgroup. Thus,
|A/C: NC/C|=12and N < A/C < Aut(N) = PGL(2,7), this is impossible.
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Let N = PSL(2,8). Then |N,| = 6 or 12. By Atlas [6], N, = S3. Since
N < A, we have that N, < A,. However, by Proposition 2.2, A, has no normal
subgroup isomorphic to S3, a contradiction.

Let N =2 PSU(3, 3), Ag, A1g, PSL(2,49), PSL(3,4), PSp(6,2), Jo or PQ(8,2).
Then |N,| = |N|/42 or |N|/84. By Magma [3], N has no subgroups of such or-
ders, a contradiction.

Let N = A7. Then |N,| = 30 or 60. By Atlas [6], N, = As. The normality
of N in A implies that A, has a normal subgroup isomorphic to As. This is
impossible by Proposition 2.2.

Let N = Ag. Then by Atlas [6], N, = (Ag X Z3) x Zo. This is also impossible
because A, has no normal subgroup isomorphic to (Ag X Zg) X Zs.

Subcase 2.3: Suppose that p > 7. Then |N| ‘226'35'52'7-1) and 6-p| |N| or
12-p‘ |N|. By Proposition 2.3, N is isomorphic to one of the following simple
groups:

PSL(2,17), PSL(3,3), PSL(2,11), PSL(2,13), PSL(2,16)
PSL(2,19), PSL(2,25), PSL(2,27), PSL(2,31), PSL(2,81)
PSL(2,127), PSU(3,4), PSU(3,8), PSU(5,2), PSp(4,4), M1, Mz
2Fy(2), Aq1, Ao, PSL(2,29), PSL(2,41), PSL(2,71), PSL(2,449)
PSL(2,26 , PSL(4,4), PSL(5,2), PSp(8,2), Mg, PQ7(8,2), Go(4).

Let N = PSL(2,17). Then by Atlas [6], N, = A4 or S4. Since N, < A, we
have that A, = PSL(2,7) x S4 by Proposition 2.2. Similar as above, C'4(N) =
PSL(2,7). Since p/HCA(N)], we have that C4(N) has at least p orbits on
V(X), and by Proposition 2.1, C'4(N) is semiregular and hence solvable, a
contradiction.

Let N = PSL(3,3). Then |N,| = 22-32 or 23-32. By Atlas [6], N, has a char-
acteristic subgroup isomorphic to Z%. The normality of IV, in A, implies that A,
has a normal subgroup isomorphic to Z3. This is impossible by Proposition 2.2.

Let N = PSL(2,11), PSL(2,25), M1, Mja or Aja. Then by Atlas [6],
Ny, 2 Zs or Dyg for N = PSL(2,11); N, & Z2xZs or Z2xZ4 for N = PSL(2,15);
NU%A5 01"85 fOI‘NgMH;NU%Aﬁng OI"A(;XZQ fOl“N%Mm; Nnglg
or Sig9 for N = A;5. However, By Proposition 2.2, A, has no such normal
subgroups, a contradiction.

Let N = PSL(2,13). Then by Atlas [6], N, = Z7 or Dy4. Since N, < A,, we
have that A, is solvable by Proposition 2.2. Note that C4(N) = C4(N)N/N <
A/N and |A/N : A,N/N| < 2. Thus, C4(N) is solvable. By our assumption,
Ca(N) =1 and by “N/C-Theorem”, A =2 A/C < Aut(N) = PGL(2,13). By
Construction 2.8 and Lemma 2.9, X = CG's; with i = 1,2,3, 4.

For the remaining simple groups listed in the above, with the calculation of
Magma [3] or check the information of maximal subgroups in Atlas [6], we can
deduce that all the groups do not have subgroups of order |N,| = |N|/6-p or
|N|/12-p, a contradiction. O
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